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Effect of anisotropic impurity scattering on a density of states of a d-wave
superconductor
A. Macia¸g, P. Pisarski, G. Haran´
Institute of Physics, Politechnika Wroc lawska, Wybrzez˙e Wyspian´skiego 27, 50-370 Wroc law, Poland
We discuss the effect of an anisotropic impurity potential on the critical temperature, local density
of states in the vicinity of a single impurity, and the quasiparticle density of states for a finite impurity
concentration in a d-wave superconductor. Different scattering regimes are concerned.
I. INTRODUCTION
Impurities make a useful tool in probing the ground
state of high-temperature superconductors. The most
direct impurity probe of the superconducting state is
provided by the scanning tunneling microscopy (STM)
measurement of the local quasiparticle density of states
(LDOS) around a single impurity. The STM images of
Bi2Sr2CaCu2O8+δ reveal a tetragonal symmetry repre-
sentative for the d-wave state [1, 2, 3, 4]. In addition to a
possible identification of the superconducting state, this
experiment may shed light on the nature of the quasi-
particle scattering process - issue, which is important
to the interpretation of the impurity pair-breaking ef-
fect in the d-wave superconductor. It has been shown
that the weak impurity-induced suppression of the crit-
ical temperature, which is unexpected for d-wave super-
conductivity [5, 6, 7, 8] can be understood assuming
a momentum-dependent (anisotropic) impurity potential
[9, 10, 11, 12]. In the present paper we discuss the effect
of anisotropic impurity scattering on the critical temper-
ature, local density of states in the vicinity of a single
impurity, and the quasiparticle density of states for a
finite impurity concentration in a d-wave superconduc-
tor. We establish how the internal structure of a defect,
which reproduces Tc suppression in the cuprates, alters
the above quantities. We assume that the impurity po-
tential factorizes
v (k,k′) = vi + vaf (k) f (k
′) (1)
where vi, va are isotropic and anisotropic scattering am-
plitudes, respectively, and f (k) is the anisotropy func-
tion that vanishes after integration over the Fermi sur-
face. We study the effect of anisotropy by referring to an
isotropic impurity potential v0 that determines the scat-
tering strength in both isotropic and anisotropic scat-
tering channels: vi = αv0, and va = (1− α) v0; where
0 ≤ α ≤ 1 is a partition parameter. Scattering is
isotropic for α = 1 and purely anisotropic for α = 0.
For the analysis of different scattering limits we intro-
duce a convenient parameter c = 1/ (piN0v0), where N0
is the density of states per spin at the Fermi level in the
normal state. Born scattering is then given by c ≫ 1,
and the unitary scattering limit is determined by c = 0.
In the calculations we assume a parabolic energy band
and two-dimensional superconductivity. We discuss the
impurity effect on the d-wave superconducting state de-
termined by the order parameter ∆ (k) = ∆0e (k), where
e (k) =
√
2
(
k2x − k2y
)
=
√
2cos2φ, and the amplitude of
∆ (k) is defined as ∆ =
√
2∆0.
II. CRITICAL TEMPERATURE AND ORDER
PARAMETER SUPPRESSION
The role of the anisotropy of the impurity potential is
particularly clear for the potential (1) with an oscillating
anisotropy function, which is given on the Fermi surface
as f (k) = ±1. The critical temperature in the Born limit
reads [9, 12]
ln
Tc
Tc0
=
(
〈e〉2 + 〈ef〉2 − 1
)[
ψ
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1
2
+
piN0
(
v2i + v
2
a
)
2piTc
)
−ψ
(
1
2
)]
+ 〈ef〉2
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ψ
(
1
2
)
−ψ
(
1
2
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piN0
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2
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2piTc
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1− 2viva
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(2)
and for unitary scattering is given by
ln
Tc
Tc0
=
(
〈e〉2 + 〈ef〉2 − 1
)[
ψ
(
1
2
+
2Γ
2piTc
)
− ψ
(
1
2
)]
(3)
where Tc0 is the critical temperature of a pure system,
Γ = n/piN0, and n is the impurity concentration. Based
on the impurity effect on Tc we can distinguish two
groups of scattering potentials determined by the value
of the coupling term 〈ef〉: the in phase potential with
〈ef〉 = 1, and the out of phase potential defined by
〈ef〉 = 0. Analysis of Eqs. (2) and (3) shows that the
impurity pair-breaking is minimized for the in phase scat-
tering, that is for 〈ef〉 = 1 or close to 1, which is achieved
for f (k) =
√
2
(
k2x − k2y
)
or f (k) = sgn
(
k2x − k2y
)
. It
has been shown that when the scattering is close to be-
ing in phase it reproduces the observed Tc suppression
[11, 12] and the Hc2 critical field initial slope [8, 13] in
the cuprates. On the other hand, when the scattering is
out of phase with the order parameter f (k) = 2
√
2kxky,
2∆(0.1Tc0 )
Tc0
α
FIG. 1: Order parameter vs. partition parameter α for the
in phase scattering (solid line) and out of phase scattering
(dashed line). Scattering strength c = 0.1/pi, impurity con-
centration n=0.5 ∆0N0
or f (k) = sgn (kxky) it gives 〈ef〉 = 0 and strong sup-
pression of the critical temperature. The differing effect
of these two groups of impurity potential is also seen in
the solution to the gap equation. In Fig. 1 we show
the gap at a temperature of 0.1Tc0 as a function of the
anisotropy degree α for in phase (solid line) and out of
phase scattering (dashed line) in the unitary limit. We
note that the anisotropy leading to the maximal Tc for
the in phase impurity potential, that is α ∼ 0.5, gives the
minimal Tc for out of phase scattering.
III. LOCAL DENSITY OF STATES
The position-dependent change of the quasiparticle
density of states around a single impurity is determined
by the real space transform of the retarded Green’s
function Gˆ and reads δN (r, ω) = − 1
pi
Im {δG11 (r, ω)}.
The Green’s function is obtained from Dyson’s equation
Gˆ−1 (iωn) = Gˆ
−1
0 (iωn)−Σˆ, where Gˆ0 is the quasiparticle
propagator for a pure system and the impurity-induced
self-energy Σˆ is obtained within a single impurity approx-
imation, i.e., the t-matrix equation is solved with the
Green’s function of a pure system. We have evaluated
the LDOS at the impurity site for different partitions
of the impurity potential starting from isotropic scatter-
ing (α = 1) and ending on purely anisotropic scattering
(α = 0). For in phase scattering (Fig. 2) we observe a
shift of the spectral density from the hole-like resonant
state for isotropic scattering to the electron-like reso-
nant state for scattering close to being purely anisotropic.
This effect is similar to the changes in the LDOS induced
by deviations from particle-hole symmetry, or by changes
in sign of the scattering potential [14, 15]. The influence
of the out of phase anisotropy of the scattering poten-
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FIG. 2: Local density of states at the impurity site
(r=0) induced by the in phase impurity potential, f (k) =√
2
(
k2x − k2y
)
, for different partitions of the impurity po-
tential: α = 1 (isotropic scattering), 0.5, 0.1, 0 (purely
anisotropic scattering). Scattering strength c = 0.1.
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FIG. 3: Local density of states at the impurity site (r=0) in-
duced by the out of phase impurity potential, f (k) =
√
2kxky ,
for different partitions of the impurity potential: α = 1
(isotropic scattering), 0.5, 0.1, 0 (purely anisotropic scatter-
ing). Scattering strength c = 0.1.
tial is entirely different. It turns out that the increasing
degree of anisotropy broadens and finally destroys the
impurity resonant state (Fig. 3).
IV. DENSITY OF STATES
The quasiparticle density of states for a uniform im-
purity distribution is obtained self-consistently within
the t-matrix approximation, i.e., the matrix Tˆ is ob-
tained with the use of a dressed single-particle propa-
gator Gˆ−1 = Gˆ−10 − Σˆ, and the self-energy is deter-
mined by Σˆ = nTˆ , where n is the impurity concentra-
tion [10]. We have evaluated the density of states, given
by the imaginary part of the retarded Green’s function
N (ω) = − 1
pi
Im
∑
k
G11 (k, ω), in the limit of Born scat-
tering (c = 10/pi), intermediate scattering (c = 1/pi) and
unitary scattering (c = 0.001/pi). For each considered
scattering strength we have compared the effect of the
isotropic impurity potential, the anisotropic potential in
phase with the order parameter and the out of phase
anisotropic potential (Fig. 4). The degree of anisotropy
was set to α = 0.8. Although the discussed potentials
3N (ω)
N0
ω/∆
FIG. 4: The density of states for Born scattering c = 10/pi
and impurity concentration n=1 ∆0N0: a) isotropic poten-
tial, b) anisotropic in phase, c) anisotropic out of phase; in-
termediate scattering c = 1/pi and impurity concentration
n=1 ∆0N0: d) isotropic potential, e) anisotropic in phase,
f) anisotropic out of phase; resonant scattering c = 0.001/pi
and impurity concentration n=0.01 ∆0N0: g) isotropic po-
tential, h) anisotropic in phase, i) anisotropic out of phase.
The partition of the impurity potential is set to α = 0.8.
lead to similar densities of states in the Born limit, ob-
servable differences between anisotropic in phase and out
of phase potentials are seen for intermediate scattering
and they become significant for the resonant scattering
when the in phase potential gives N(ω = 0) = 0, and
the out of phase potential enhances the non-zero value of
N(ω = 0).
V. CONCLUSIONS
We have shown that the anisotropy of the impurity
potential can broaden or destroy the impurity resonant
state. The energy level of the impurity resonant state
relative to Fermi energy can be shifted by the anisotropy
of the impurity potential, in particular the hole-like res-
onant state is transformed into the electron-like resonant
state for highly anisotropic in phase scattering. Signifi-
cant is also effect of anisotropy on the quasiparticle den-
sity of states which is best seen for unitary impurities.
The nonzero value of the low-energy density of states for
isotropic scattering is enhanced by the anisotropic impu-
rity potential which is out of phase with the order param-
eter. On the other hand, the in phase impurity potential
leads to a vanishing density of states at the Fermi level.
These results show that the quasiparticle properties of
a disordered d-wave superconductor depend, apart from
the way of modeling the disorder [16, 17], on the internal
structure of a scattering center.
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